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disclaimer

what this is and is not

® this is us asking for help, not us telling you the solution
= this is not a conference talk, everything is in flux

® in the spirit of a workstop
what | will talk about

® explain massification

* explain FKS and FKS?

® state the problems

® numerical finite matrix elements in d = 4
¢ collinear stabilisation / massification
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why QED: MUonE

® measure HVP using t-channel p-e scattering
at 10ppm

1 2

HLO _ @ z v
a, :;/0 dx(l—x)Aahad(ﬁmi)

—_——

ocdo /dt
[Carloni Calame et al. 2015, Abbiendi et al 2016 ]

® proposed experiment @ CERN's M2
[Matteuzzi, YU et al 2019 (LOI)]

® huge theory effort [Alacevich et al 2018, Mastrolia
et al 2017 and 2018, Fael, Passera 2019]

= NNLO emission-from-e-line-only (largest " u
part) [Banerjee, Engel, Signer, YU soon] using
[Bernreuther et al. 2004] with FKS?
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RSI why QED: PRad

Proton radius puzzle: 60-discrepancy between pp and ep

—e—— CODATA-2010

up 2013
— scatt. JLab
Mp 2010 e ——®—— scatt. Mainz
——e&—— H spectroscopy

0 085 04085 086 087 088 089 09
Proton charge radius [fm]
[A. Antognini, PSI 2019]
® re-measure ep scattering @ JLab (PRad)
do y N(ep — epin 0) " do
—_— — 7 i
aQ/ P N(ee — ee) aQ /..
—_————
main uncertainty
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environment

what we want

* parton-level, NNLO (and beyond) (fully) massive calculations
= fully differential, no analytic integration !
°* MEG, MUONE, MUSE, MESA, Prad, ...
what we have

® a way to obtain leading mass effects in any two-loop amplitude
(massification)

* an NNLO subtraction scheme for massive QED (FKS?)

® the framework to implement many processes (MCMULE)
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massification /'masi‘fikeif(a)n/
(noun)

Methods to add leading mass effects
to amplitudes in perturbation theory

Derivatives:
* massify verb

* massified adjective
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massification: brief history Cr

one external mass m < Q% = s %
® SCET inspired ~ fragmentation fct. H,
® Bhabha scattering (photonic) [Penin /./ \.\
2005]

matching 1/e — Inm,,lnm,,

* QCD with ny =ny, =np =0
[Mitov, Moch 2006]

® matching

Fyr(m) = V75 x V5 % F(0)

® Zj: jet fct., independent of hard
scale s, D In(m?/u?)

\Hzl
A N
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massification: brief history n,,

light fermion loops %

® 1n,, terms [Becher, Melnikov 07] /./ \.\

° F-(m)=8xZ; x\/Z; x F(0)

® S(s,m): soft function, only
contributions from vacuum
polarization diagrams with massive
fermions, D In(m?/s)

© Acesee(m) =8 x Z3? x A(0)

® factorisation <> resummation via
RG equations

\Hzl
& e
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massification: brief history n,,

® two different masses M > m > 0
[Engel, Gnendiger, Signer, YU 18]

° Fu(m) =8 x/Zy x F,(0)
Ao (m) = 8 % /23 % Zy x A0)

\H2
y

/
o
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The FKS? scheme:

status
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the FKS schemes

e originally developed for QCD [Frixione, Kunszt, Signer 1995]

® everything massive — no collinear singularities

= most complexity drops out

credo at NLO and beyond

® everything that vegas sees needs to be finite
(explicitly and implicitly)

= keep subtracting stuff until it is
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FKS at NLO

* example: u(p) — voe(q) + (k)

-
(p-k)g-k)  &1—-ypB

lim MO = MO¢

* with & oc k%, cos<t(q, k) =y, and B = |q]/q°

° write do,

dde(Q—Qe)
doy = dpnpr M, ocdp x ———
N (1—y?)e

x€l—2edg SE-2
dge 2 (2M©))
————

finite for £ — 0
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FKS at NLO (cont.)

® introduce unphysical . and expand as c-distribution

. f;;jea(f) (e,

/ HORGE /dg 1€~ f(gi(ﬂ(ﬁ —&)

* do, =do® +do®

—2e 2—2e
do® o dg, MO x b / dydQ>—>

2 | (1
(&)
do") o dgi=tagdyd2® x (1) (Emi)
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FKS at NLO (cont.)

e do™ is finite = € — 0 numerically

* do®®) is 'trivial’ because of §(¢)

—2e¢
do®®) 502—/\/15{” / dQ & = (e )MW
€

* eikonal £ and £ is build from building blocks

o EMY + MY = finite (KLN)

d"o

® use &, to test implementation (any IR safe I7, s can't

depend on &)
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FKS at NNLO: FKS?

problems at NNLO

® matrix elements may not finite any more (explicit 1/¢)

® more ways photons can become soft

recipe to extend this to NNLO:

1% step everything vegas sees needs to be finite!
2" step keep subtracting until it is

3" step hope for the best and deal with fall-out later
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FKS?2: real-virtual

term 1: A/lfjll (real xvirtual)

* like NLO, but do™ o MS_?_I is not finite = split further
1. chop the pole (and induced terms): MS-like subtraction
2. Mn+1 = Mn+1 —5(§CB)Mn+1 : eikonal subtraction
—_—
=dg(fin) =dg(sin)
MSE is finite (KLN of the n + 1 process)
e do/") and do(*"™) depend on two a-priori different &,

dofi) is now finite = ¢ — 0

we hope for the best and deal with Z later

dU(Sin) (£CA7£CB / 6 §CB (52 n+1)

Y. Ulrich, 05.11.19 — p.16/26




FKS?Z: real-real

term 2: ME:RQ (real xreal)

® do normal FKS twice with two &, but (h) mixes with (s)

do,i0 = do") 4+ dg*9) 4do"s) 4 qosh)

=0 E(g.,)E(Eey)

* mixed terms do("*) are troublesome

9oL 5 o _1
dU(h ) X 5 /501 g(fcz) (fQMnO_A,_l) - 51(5617502)
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FKS?2: summary

* luckily do(@¥®) = dg™) + dg?*) 4 de(s") = 0 if all &, are
equal

we now have

do, = dp?=* (Mﬁf’ +EEIMY + 3£ (50)2/\45{’))

M (0)
d _ id d=4 (l) é—?M(l)f(é- )
On+1 119n+1 \g). n+1\6¢
1

donse = hdeith (2),(2), (€EM0)

where d¢,, is the n-particle phasespace without the £'72¢ factors
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FKS?: summary (cont.)

very simple NNLO scheme!

® no complicated analytic integrals

® no ¢/e-terms

° £f>f is scale- and regularisation-scheme independent

obtain /\/lg) using massification
* O(e) terms of £ vanish exactly

® down-side: phasespace parametrisation is non-trivial
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(I Universitiit
Ziiricl

) i FKS?: proof that it works

£ independent!

@ /.2
o / U[Stuart, van Ritbergen 1999
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FKS3: extension to N3LO

many more terms at N3LO!

dof9)(€:) = A% (MP +EEIMP) + SEEMP +1x L EE) M)
—_——— !

dUﬁB)

dol? dol?)
0

~T(6) — T (€) + 5 T(E) + 5 T(6) ~5K(E) +3 % 5 T(E) +3x K(E)
w_/

_/—’ E/—’
o do(P+do do®) Ao 4. do )+

dol),(6) = dof® = hdpnir (1), (€MD)
doaler) = doff) = Adensa (&),(2).(SEMU)

A0y (€) = dof), = hdpnss (£),(2).(2), (£8EM0)

with M2/ as above and MP = MY + ‘%Mg) + %?Msr%)
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beyond NNLO and N3LO

® there seems to be a pattern here

—  postulate behaviour at N‘LO

Aoy =d H;'(,gl ). (gj

MO — Z M(é 7

) &g M)
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The FKS? scheme:

future
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collinear stabilisation

mass hierarchy m < ]\I, Vs, — B~

® integrand x —— has a pseudo-singularity at y = 1
® integrable but annoying. so far: increase statistics

* find a suitable counter-term to remedy this (cf. [Dittmaier 1999])

but don't destroy parton-level picture !

this is different from QCD where collinear emission is always
unresolved
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numerical f-matrix elements

® f-matrix elements (or eikonal-subtracted matrix elements) are

central

MWE = M 4 £(eIMD = finite

® can we calculate these objects directly in d = 47

® simplest example with p? = ¢% = m?

d?k 1 1 1
€5F) — il
M (Ee) </(2ﬂ.)d k2 k2—2k~pk2—2k-q>

+ (/ ddk 5(]432)5(]{}0)5;26 (k.O) >

(2m)d 2¢ (k2 =2k -p) (k* — 2k - q)
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numerical f-matrix elements (cont.)

d’k 1 1
Mf(1) =
M (1) /(27r)dl<;2—2l<;'pk2—2k-q

( S 5(k2)6(k:°)(k0)>

k2 +i07" 2¢

* idea: use LTD on — O(K")§(k?)

1 _ 1
k2+i0T T k2—i0T kO

_/ d’k 1 1 1
) 2m)d k2 —2k-pk?—2k-q k2 —i0TkKO

1 1 ()
+/d¢—2k-p—2k-q< e 5(k0)—1>

¢ does any of this make sense?

® how do | calculate these things numerically?

Y. Ulrich, 05.11.19 — p.26/26




